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We demonstrate how to designvarious nonstandard types of Andreev-bound-state (ABS) dispersions, via a
composite construction relying onMajorana bound states (MBSs). Here, theMBSs appear at the interface of a
Josephson junction consisting of two topological superconductors (TSCs). Each TSC harbors multipleMBSs
per edge by virtue of a chiral or unitary symmetry. We find that, while the ABS dispersions are 2π periodic,
they still contain multiple crossings which are protected by the conservation of fermion parity. A single
junction with four interface MBSs and all MBS couplings fully controllable, or networks of such coupled
junctions with partial coupling tunability, open the door for topological band structures with Weyl points or
nodes in synthetic dimensions, which in turn allow for fermion-parity (FP) pumping with a cycle set by the
ABS-dispersion details. In fact, in the case of nodes, the FP pumping is a manifestation of chiral anomaly
in 2D synthetic spacetime. The possible experimental demonstration of ABS engineering in these devices
further promises to unveil new paths for the detection of MBSs and higher-dimensional chiral anomaly.
DOI: 10.1103/PhysRevLett.123.126802
Superconducting devices are currently in the spotlight [1],
with Josephson junctions of conventional superconductors
(SCs) being the core for state-of-the-art quantum-computing
circuits [2,3]. Each junction is characterized by the super-
conducting phase difference Δϕ across it and the associated
Josephson energy scale EJðΔϕÞ [4,5]. When the Josephson
link is a quantum-point contact or a quantum dot, the
resulting transport [6–9] is mainly mediated by a small
number of electronic so-called Andreev bound states (ABSs)
[10], which are localized near the interface. For a junction of
two conventional SCs, the ABS energy dispersions come in
pairs [7–9], εðΔϕÞ ¼ EABS
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − T sin2ðΔϕ=2Þ
p
, with T
denoting the transparency of the junction andEABS an energy
scale usually coinciding with the bulk gap of the SCs [11].
For a perfectly transparent junction, the ABS dispersions
exhibit a linear crossing atΔϕ ¼ π [6]. This is not protected,
and a gap opens forT ≠ 1. In the high-transparency and low-
inductance regime of the circuit, a pair of ABS levels can be
employed to define a qubit [11], with Δϕ ¼ π being the
operational sweet-spot value.
Perspectives for ABS engineering and novel quantum-
computing architectures open up in junctions of topological
superconductors (TSCs). These may be either intrinsic,
e.g., p-wave SCs [12–27], or artificial [28–37], arising in
hybrid devices [38–58]. Both types harbor zero-energy and
charge-neutral Majorana bound states (MBSs) [14,15,17].
Remarkably, a Josephson junction of two TSCs features
pairs of coupled MBSs which give rise to 4π-periodic ABS
energy dispersions [17,59–67], i.e., ∝ cosðΔϕ=2Þ. In
contrast to the conventional s wave and unconventional
d wave [68,69] ABS cases, here, the linear crossing at
Δϕ ¼ π is protected by the conservation of fermion parity
(FP) [60,62], i.e., the number of electrons in the system
modulo 2. The exotic properties of the MBSs, and their
promise for fault-tolerant quantum computing [15,70–73],
recently sparked their intense pursuit and resulted in their
spectroscopic detection in various artificial platforms
[74–92]. The next milestone is the demonstration of
quantum manipulations [93–95] using MBSs. However,
this is currently a challenging feat and, hence, it is urgent
to unveil new phenomena that take advantage of the
topological character of MBSs.
In this Letter, we propose to employ MBSs as building
blocks for engineering various nonstandard ABS energy
dispersions, which further unlock new types of Berry-phase
[96,97] and chiral-anomaly effects [98]. For this purpose,
we consider junctions consisting of two TSCs, with each
one harboring multiple zero-energy MBSs per edge by
virtue of unitary or chiral symmetries [34,99–104]. We
consider the minimal construction, where each TSC con-
tributes with two MBSs per edge, i.e., γ1;2 and γ3;4. The
resulting four MBSs can be pairwise coupled by terms
(t12;34) violating the symmetries protecting the multiple
MBSs before the TSCs get in contact, as well as by
Majorana-Josephson terms (t13;24;14;23) originating from
electron tunneling across the junction. The latter show a
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4π-periodic dependence in terms of the phase difference
[17,59–67], i.e., tnm ∝ cos½ðΔϕþ βnmÞ=2, with nm ¼ 13,
24, 14, 23. The phases βnm are determined by the
symmetries dictating the two TSCs and the interface.
We mainly find 2π-periodic ABS dispersions which, for
t14;23 ¼ 0, follow the form εðΔϕÞ∝ηcosχþcosðΔϕþφÞ.
This situation takes place when the MBS state vectors differ
across the junction only by phase factors set by φ and χ, and
the interface preserves the symmetries of the two TSCs.
The parameter η controls the relative strength of the intra-
and inter-TSC MBS couplings. Apart from fully gapped
spectra, we also obtain novel types of gapless dispersions,
featuring either multiple FP-protected linear crossings or
quadratic band touchings.
We show that such ABS spectra can be harnessed to
engineer novel types of topologically nontrivial gapped
band structures in synthetic spaces (cf. Refs. [105–108])
containing Berry monopoles [96,97], i.e., points in param-
eter space where band touchings occur. These become
already accessible in 1D TSC junctions with a full gap.
Alternatively, one can employ networks of 1D TSC
junctions with gapless spectra to obtain fully gapped
nontrivial bands. The presence of Berry monopoles allows
for Cooper pair charge pumping [109,110] in the manner of
Thouless [111], by simultaneously sweeping Δϕ and an
additional parameter θ. A full cycle pumps an integer
number of 2e charge which, however, does not switch the
FP. Hence, to enable 1e charge transfer and thus FP
pumping [102,112], we propose to sweep in ðΔϕ; θÞ space
selectively. Thus, the fractional contribution of each Berry
monopole can be isolated. Notably, the aspect of selective
sweeping and its applicability to TSCs with multiple MBS
which are not necessarily Kramers pairs differentiates our
Z-FP pump from the Z2-FP pump of Ref. [112].
We now present our general approach to the composite
construction of the ABSs, by employing a minimum of four
MBSs which appear near the junction’s interface. The
corresponding MBS operators satisfy fγn; γ†mg ¼ δnm, with
n, m ¼ 1, 2, 3, 4. Since the MBSs define zero-energy
quasiparticle excitations, γn ¼ γ†n for all n ¼ 1, 2, 3, 4,
which further leads to the nonstandard relations γ2n ¼ 1=2.
Each pair of MBSs appearing on the edge of each TSC is
protected by chiral or unitary symmetries. The low-energy
Hamiltonian obtained by projecting onto the MBS sub-
space reads H ¼Pn<mn;m¼1;2;3;4 iγntnmγm, with the coupling
matrix elements t12 and t34 (t13;24;14;23) having an intra-TSC
(inter-TSC) character. These, generally depend on the
superconducting phase difference biasing the junction.
Here, we restrict to ABS spectra twisted by a charge-phase
difference Δϕ. As we thoroughly discuss in our companion
paper, Ref. [113], intrinsic spin-triplet p-wave SCs allow
for the possibility of separately imposing a phase difference
Δϕ↑;↓ in each spin sector, which can be split into charge-
and spin-phase components.
We reexpress the MBS Hamiltonian as follows:
H ¼ i
2
Γ⊺BˆΓ ¼ 1
2
X
s¼

a†s as

εs 0
0 −εs

as
a†s

; ð1Þ
where we employed the Majorana multicomponent oper-
ator Γ⊺ ¼ ðγ1γ2γ4γ3Þ, its transpose Γ, and the skew-
symmetric matrix Bˆ. Moreover, we introduced the ABS
fermionic operators a, satisfying fas; a†pg ¼ δs;p and
fas; apg ¼ 0, with s; p ¼ . The ABS dispersions read:
εþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 − ½PfðBˆÞ2
qr
and εþε− ¼ PfðBˆÞ; ð2Þ
with S ¼Pn<mn;m¼1;2;3;4 t2nm=2 and the Pfaffian PfðBˆÞ ¼
t13t24 − t12t34 − t14t23. An equivalent expression was found
in Ref. [65], which focused on different aspects of multiple
MBSs than the ones considered here. We insist to express
ε− as in Eq. (2), obtained by ðεþε−Þ2 ¼ ½PfðBˆÞ2, since this
form reflects the antisymmetry of the MBS couplings [17],
and further allows for a transparent description of ABS
dispersions with protected crossings.
We move on with inferring the ABS dispersions
obtained for the three limiting scenarios of Fig. 1, in
which t14;23 ¼ 0, t13 ∝ tð0Þ13 cos ½ðΔϕþ φþ χÞ=2, and t24 ∝
tð0Þ24 cos ½ðΔϕþ φ − χÞ=2, with tð0Þnm the MBS couplings
obtained for Δϕ ¼ 0. Here, the interface preserves the
symmetries of the two TSCs before contact, which further
implies that the intra-TSC coupling elements t12;34 are
independent of Δϕ, i.e., t12 ¼ tð0Þ12 and t34 ¼ tð0Þ34 .
jtð0Þ13 j; jtð0Þ24 j≪ jtð0Þ12 j; jtð0Þ34 j.—In this case, the inter-TSC
MBS couplings are considered to be substantially weaker
than the intra-TSC ones, a situation which is feasible by
reducing the junction’s transparency. At the same time, jt12j
and jt34j are still considered much smaller than the bulk
energy gap, so that the present low-energy projection
remains valid. Given the above, we find that both pairs
FIG. 1. Majorana-bound-state (MBS) couplings for four MBSs
appearing at the interface of a junction formed by two topological
superconductors (TSCs). Each TSC provides a pair of decoupled
or hybridized MBSs, before contact. The couplings are divided
into intra-TSC t12;34 and inter-TSC t13;24;14;23. We focus on three
representative scenarios I, II, and III, depending on the strengths
of the couplings. The dark and light colored arrows denote
the strong and weak MBS couplings. If a line is missing, the
respective coupling is zero.
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of edge MBSs hybridize to ABSs, with energy dispersions
εþ ≈ t34 and ε− ≈ −t12, for the choice t34 > t12 > 0. Since
t12 and t34 are independent of Δϕ, the ABS bands are very
weakly dispersive with Δϕ. With the use of Eq. (2), we
show such a dispersion in Fig. 2(a).
jtð0Þ12 j; jtð0Þ34 j≪ jtð0Þ13 j; jtð0Þ24 j.—We now consider the inverse
limit, in which the symmetries protecting the multiple
MBSs are weakly violated. In the fully symmetric t12 ¼
t34 ¼ 0 case, each isolated TSC has a symmetry-protected
pair of MBSs per edge. After contact, one finds the 4π-
periodic [17] ABS dispersions εþ ¼ t13 and ε− ¼ t24, with
each one containing a single FP-protected crossing [60,62].
When χ ¼ 0, the two crossings appear for the same value of
Δϕ, and the symmetry-violating t12 and t34 terms open an
energy gap at the degeneracy point. This gap opening
redistributes the two initially coinciding crossings by
transferring them to one of the two resulting 2π-periodic
ABS dispersions. Figure 2(b) depicts such a band structure,
which can be understood by separately examining the
ABS dispersions near and away from the degeneracy
point. Away from it, the condition jtð0Þ12 j;jtð0Þ34 j≪ jtð0Þ13 j;jtð0Þ24 j
implies that εþ ≈ t13 and ε− ≈ t24. Instead, this hierarchy
becomes inverted near the degeneracy point, where the
ABS energies are given by the gap-opening terms t12 and
t34, as in Fig. 2(a). A smooth connection between the two
regimes is ensured by the appearance of two linear cross-
ings. These are FP protected and, unless a gap closing
occurs, they are only removable by annihilating each other.
This is achievable, for instance, by increasing the intra-TSC
MBS couplings.
jtð0Þ13 j; jtð0Þ24 j≪ jtð0Þ34 j and jtð0Þ12 j ¼ 0.—We proceed by
assuming that the two MBSs of the first TSC are uncoupled
even after contacting the second TSC, which is assumed to
feature a nonzero t34, stemming from the violation of the
ensuing symmetry. This violation is either externally
imposed or spontaneously chosen by the hybrid system
[113]. Using Eq. (2), we find εþ ≈ t34 and ε− ≈ t13t24=t34.
Thus, there now exists a high- and low-energy sector for
the ABSs, with only the ε− branch exhibiting a substantial
dispersion with Δϕ, since it reads:
ε− ∝ t13t24 ∝ cos χ þ cosðΔϕþ φÞ: ð3Þ
For φ ¼ χ ¼ 0, Eq. (3) yields the quadratic crossing at
Δϕ ¼ π, shown in Fig. 2(c), which can be viewed as two
merged linear crossings of an ABS dispersion as the one in
Fig. 2(b). Another phase-offset option is φ ¼ χ ¼ π=2,
where one obtains a sinðΔϕÞ term, with two linear cross-
ings at 0 and π, cf. Fig. 2(d). Additional details are given in
Ref. [113] and the Supplemental Material (SM) [114]. In
the former, we show that all the dispersions of Fig. 2 are
accessible in a TSC junction of two spin-triplet p-wave SCs
in the presence of Zeeman fields and spin anisotropy. As we
find there, case (c) of Fig. 2 appears when the uncoupled
interface MBSs are protected by either a chiral or a unitary
symmetry, while case (d) arises when the two TSCs possess
different chiral symmetries.
In Fig. 3 and the SM [114], we discuss alternative
platforms prominent for ABS engineering. Figure 3(a)
depicts two coupled single-channel semiconductor nano-
wires (NWs) in proximity to conventional SCs on each side
of the junction. In addition, magnetic fields (Bz;1;2;3;4), spin-
orbit coupling fields (α1;2;3;4), and fluxes (Φl;r andΦ ¼ Δϕ)
are present. Here, we express the fluxes in terms of the phase
differences they induce. This versatile system allows for
multipleMBSsper TSCedgeprotected by a chiral symmetry.
The latter is associated with either a Kramers degeneracy
[112,120–124] (Φl;r ¼ π and Bz;l;r ¼ 0) or a sublattice
symmetry [125–128] (Φl;r ¼ 0). The remaining unspecified
parameters are suitably tuned within a window that allows
all four NWs to be in the TSC phase simultaneously. Instead,
the slightest deviations of the phases and magnetic fields
from the values indicated above violate chiral symmetry and
generate the couplings t12;34. See also the SM [114].
Our results open perspectives for nontrivial topology in
synthetic spaces, when the ABS spectrum is fully gapped.
This becomes possible (i) in devices such as the one in
Fig. 3(a) when all MBS couplings are controllable and the
interface is flux or spin active, (ii) in two 1D TSC junctions
of Fig. 3(a), stacked as in Fig. 3(b), with each junction
supporting gapless ABS spectra, and (iii) in infinite net-
works of identical junctions as in Fig. 3(c). For fully gapped
ABS spectra stemming from four coupled MBSs, one can
FIG. 2. ABS spectra corresponding to the three types of
scenarios shown in Fig. 1, when the two TSCs are biased by
a phase difference Δϕ. In case (a), we obtain a fully gapped ABS
spectrum, while in case (b), the lowest ABS branch contains two
FP-protected linear crossings. Case (c) can be viewed as the
critical situation where the two linear crossings of case (b) merge
into a single quadratic band crossing. In case (d), the ε− branch
has a sinusoidal form and contains two linear crossings at 0 and π.
In (b), tð0Þ13 ¼ tð0Þ24 ¼ 1 and tð0Þ34 ¼ 0.2. In the rest, tð0Þ13 ¼ tð0Þ24 ¼ 0.1
and tð0Þ34 ¼ 1. In all panels, t14;23 ¼ 0.
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decompose iBˆ, which defines a soð4Þ spectrum-generating
algebra, into two soð3Þ subalgebras, i.e., iBˆ¼Pn¼1;2gn·Ln.
Using the Pauli matrices λ and κ, the soð3Þ generators
read L1 ¼ ðλ1κ2; λ2; λ3κ2Þ=2 and L2 ¼ ðλ2κ1; κ2; λ2κ3Þ=2.
Therefore, g1 ¼ −ðt13 − t24; t14 þ t23; t12 þ t34Þ and
g2 ¼ −ðt13 þ t24; t12 − t34; t14 − t23Þ. See also Ref. [108].
Z-FP pumping and chiral anomaly effects occur when
the MBS couplings depend on an additional 2π-periodic
variable θ. In this case, one introduces the Berry curvature
Ω−;nΔϕ;θ [97] of the occupied eigenstates ju−;nðΔϕ; θÞi of
each soð3Þ subalgebra with n ¼ 1, 2. Sweeping Δϕ and θ
over an area A∶½Δϕi;Δϕf × ½θi; θf yields the pumped
charge per period 2π: ΔQðAÞ ¼ 2e∬AdΔϕdθΩ−;1Δϕ;θ=ð2πÞ
[114]. Here, we assumed that jg1j > jg2j, otherwise the
Berry curvature Ω−;2Δϕ;θ should appear above [114].
Moreover, we considered a two-step adiabatic process in
which the sweeping rates satisfy _Δϕ≪ _θ, where
_f ≡ df=dt. For jg1j → 0, the Ω−;1Δϕ;θ peaks at the positions
of the Berry monopoles, i.e., Weyl points in ðΔϕ; θ; mÞ
space, with m an additional parameter controlling jg1j. In
the cases of relevance, each Weyl point contributes with 1
2
to the integral. When A≡ T 2 ¼ ½0; 2π × ½0; 2π, we find
ΔQ=ð2eÞ ¼ C1 ∈ Z, with C1 the respective first Chern
number [97]. This implies that FP pumping is not possible,
unless selective sweeping is employed, so that only an odd
number of Weyl points are inside A for jg1j → 0.
In Fig. 3(b) we find g1 ¼ ðm cos θ; m sin θ; εðΔϕÞÞ, with
εðΔϕÞ an ABS dispersion with FP-protected crossings at
Δϕ ¼ Δϕc, as in Figs. 2(b) and 2(d). Viewing the phase
difference Δϕ as a synthetic momentum yields a Dirac
Hamiltonian g1 · κ defined in 2D ðΔϕ; tÞ spacetime about
each crossing point since, there, εðΔϕÞ ≈ vcðΔϕ − ΔϕcÞ
with vc the slope of the dispersion evaluated at Δϕ ¼ Δϕc.
Now, Berry monopoles (nodes) appear in ðΔϕ; mÞ space at
(Δϕc,m ¼ 0) and lead to chiral anomaly effects [98]. In the
standard 2D Dirac theory, chiral anomaly manifests as the
nonconservation of the chiral charge ρ5 ∝ hκzi and current
j5 ∝ h1i densities. Consequently, the Goldstone-Wilczek
formula [129] implies that spatial and temporal variations
of θ induce electric charge ρ ∝ h1i and current j ∝ hκzi
densities. Here, the occurrence of chiral anomaly implies
ΔQðAÞ ¼ −eΔθ
π
X
c
sgnðvcÞ
Z
C
dε δðε − εcÞ; ð4Þ
where Δθ ¼ θf − θi and C denotes the ABS-dispersion
path εi ↦ εf, set by Δϕi ↦ Δϕf. The integral is nonzero
only if the path includes crossing points of εðΔϕÞ. The
contribution of each crossing point is sgnðvcÞ1. Thus, for
ABS dispersions containing two crossings with opposite
slopes, ΔQ is zero when the path includes both of them, or
equivalently, a quadratic crossing. Notably, FP pumping
requires Δθ ¼ π. Similar effects emerge for loosely
coupled 1D junctions as in Fig. 3(c), with intrinsic or
effective helical-like interchain p-wave pairing DðqÞ ∼
qe−iθ being a prerequisite [113], since m ∼ q. The pumped
charge per mode q is half of that in Eq. (4) [114]; thus, FP
pumping requires Δθ ¼ 2π.
In conclusion, we remark that our predictions appear
experimentally feasible in organic SCs [16], purple bronze
[21], and hybrid devices [84,91,92,130,131], as explained
in the SM [114]. The demonstration of nonstandard ABS
dispersions promises to open novel paths for the detection
of chiral anomaly and FP-protected crossings, thus provid-
ing indirect evidence for MBSs. Finally, the Berry-
monopole tomography proposed here is robust against
disorder and parameter detunings, as long as these only
modify the locations of the monopoles.
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